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Transport of small molecules in heterogeneous materials can be an important factor 
in many engineering and biological applications. This study focuses on the dif ision of 
cellular nutrients in an immobilized cell system. A Monte Carlo simulation technique is 
used to describe the diffusion of small molecules in a variety of simulated cellular 
structures. Diffusivity predictions are in close agreement with experimental values as 
well as with theoretical bounds reported in the literature. It is revealed that effective 
diffusivities are highly dependent on the diffusivities of the species in the various phases 
and on the volume fraction of cells. The spatial arrangement of the cells, however, has 
no apparent effect on the predicted diffusivity for the range of conditions investigated. 

Introduction 

Composite materials consisting of one or more dispersed 
phases distributed in a single continuous phase arise in a wide 
variety of engineering and biological systems. Examples in- 
clude packed beds, polymer blends, ceramic precursors, 
biofilrns, soil, and many forms of biological tissue. The trans- 
port of substances in these materials often critically affects 
the performance of such systems. Transport rates generally 
depend on diffusive, convective, and reactive mechanisms as 
well as on the structural characteristics of the material. For 
example, the amount of long-term deterioration of marble 
structures by acid rain is controlled by the rate of diffusion 
and reaction of SO, in the marble. Diffusion can also be the 
rate-limiting factor in many biological processes, such as the 
supply of nutrients received by cells in tissues, the transport 
of substances through the intestinal wall, and the rate of 
growth of nutrient-limited biofilms. 

This article focuses on a subset of composite materials in 
which transport arises exclusively from molecular diffusion; 
we assume that solutions are dilute and that bulk flow is neg- 
ligible. Diffusion is driven by random molecular motion and 
the overall flux is well described by a volume-averaged ver- 
sion of Fick’s law: 
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(1) 

where the vector F, is the flux of species i at some position in 
space, VC, is the gradient of the volume-averaged concentra- 
tion of i, and Deff is the effective diffusivity that includes 
contributions to flux through all conductive phases. The abil- 
ity to accurately measure or predict Deff over a wide range of 
conditions is critical for describing the behavior of the multi- 
phase system. However, accurate measurement of DCff is dif- 
ficult due to a number of factors: (1) Deff depends nontriv- 
ially on the species diffusivities and volume fractions of all 
the contributing phases (and for systems such as soil, the 
number of phases can be large and species diffusivities un- 
known); (2) Deff can depend strongly on structural character- 
istics, that is, the pore size distribution and the particle size 
distribution; moreover, in some materials, the structure 
evolves with time, as in heterogeneous catalysts undergoing 
sintering and in immobilized cell systems with actively prolif- 
erating cells; and (3) experimental Deff measurements are of- 
ten complicated by the presence of reactions. This latter dif- 
ficulty can sometimes be circumvented if the reaction kinetics 
are known accurately, but then the opposite problem arises, 
because kinetic measurements can be affected by diffusional 
limitations. 

The most widely used approach for predicting D,, follows 
from Maxwell’s equation (19541, which was originally derived 
to describe electrical conduction in a heterogeneous mate- 
rial. In the context of diffusion, Maxwell’s model can be ex- 
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pressed as: 

where Do is the diffusivity of a given species through the 
continuous phase, D, is the diffusivity through the dispersed 
phase, and + is the volume fraction of the dispersed phase. 
This model has been frequently applied to predict Deft in 
numerous heterogeneous materials [for a review on diffusion 
in biological systems, see Westrin and Axelsson (199111. The 
derivation of Eq. 2 assumes a fairly simplistic type of struc- 
ture: the dispersed phase is composed of monosized, 
nonoverlapping, spherical inclusions, randomly placed 
throughout the continuous phase, and therefore, this model 
is accurate only at very low inclusion fractions. 

Statistical and geometrical approaches have also been use- 
ful for estimating diffusivities in heterogeneous systems. 
Hashin and Shtrikman (1962) used variational principles to 
generate diffusivity bounds for macroscopically homogeneous 
materials based on the volume fractions of each phase and 
the species diffusivity in each phase. Wakao and Smith (1962, 
1964) developed a phenomenological “random pore” model, 
to predict Deff in a bimodal pore structure of a porous cata- 

These approaches provide a good basis for understanding 
the functional dependence of diffusivities in terms of volume 
fractions, but lack the detail and specificity to describe the 
actual morphological characteristics observed in real systems. 
Typically, the dispersed phase components are distributed 
neither in a regular array nor in completely random posi- 
tions; an intermediate degree of order is often observed. 
Monte Carlo simulations provide an efficient alternative for 
studying such systems and have been used to investigate dif- 
fusion of gas molecules in porous systems with impenetrable 
structural backbones. The backbone was represented as a 
network of nonconductive inclusions, so that diffusion occurs 
only in the continuous phase (Evans et al., 1980; Reyes and 
Iglesia, 1991a,b; Kim and Torquato, 1992a,b). 

Biological systems can be significantly more complex than 
porous solids. Typically, all the phases allow a finite rate of 
solute transport (the backbone is no longer impenetrable). 
Situations in which all phases allow some amount of solute 
diffusion have been the focus of just a handful of studies 
(Chiew and Glandt, 1983; Chiew, 1990; Kim and Torquato, 
1990, 1991; Tobochnik et al., 1990; Cukier et al., 1990). These 
studies considered inclusions that were more conductive than 
the continuous phase, and cannot reliably be applied to de- 
scribe diffusion through populations of immobilized cells in 
which the inclusions (the cells) are less conductive than the 
support (Westrin and Axelsson, 1991). Our study focuses on 
systems where the molecular species of interest diffuses 
through the continuous phase with diffusivity Do, and through 
the inclusion phase with diffusivity D,, such that Do > 0,. 
Investigation of this case is important because the transport 
of nutrients and cellular products to and from immobilized 
cells is a limiting factor in the productivity of many biological 
systems. 

This article is organized as follows: Experimentally meas- 
ured diffusivities in immobilized cell systems are reviewed in 
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the following section. The third section describes simulation 
procedures to represent populations of immobilized cells and 
to determine effective diffusivities in such structures. The 
procedure is used to represent a variety of cell systems by 
manipulating Do, D,, and the spatial distribution of cells. 
Diffusivity results in two- and three-dimensional systems are 
presented and discussed in the fourth section. Finally, con- 
clusions and future work are discussed in the last section. 

Diffusion in Immobilized Cell Systems 
Viable, metabolically active cells retained within a support 

are the basis of a wide variety of natural and man-made bio- 
logical systems, including tissue, biofilms, tumor micro- 
spheres, cell-based artificial organs, and encapsulated cell 
bioreactors. Encapsulation of cells for use in a bioreactor has 
several advantages over conventional suspension culture 
methods. Immobilization allows the attainment of larger cell 
densities inside a bioreactor, protects fragile mammalian cells 
from shear forces, and simplifies product purification. Immo- 
bilization also can increase the productivity of some cell types 
(Lee and Palsson, 1990, 1993). These advantages have con- 
tributed to the development of several engineering applica- 
tions in which viable cells encapsulated in gelatinous beads 
(see Figure 1) are cultivated in bioreactors for the manufac- 
ture of valuable biological products such as antibodies, vac- 
cines, interferons, and growth factors (Karel et al., 1985). 

The behavior of immobilized cell systems is governed by 
the interplay of nutrient and product diffusion, cell 
metabolism, and cell proliferation. Diffusion plays an impor- 
tant role because cells retained inside a gelatinous bead do 
not receive nutrients by convective mechanisms. As the cells 
proliferate, the total nutrient consumption increases as do 
the diffusive limitations, leading to a demand that cannot be 
met by the prevailing diffusion rates. This leads to undesired 
concentration gradients in the nutrient levels (see Figure 1) 
and can confine the cellular metabolic activity to the vicinity 
of the interface between the growth media and the cell-con- 
taining support (Lazar, 1991; Franko and Sutherland, 1979; 
Freyer and Sutherland, 1981). For example, Karel and 
Robertson (1989) observed that active cell growth of Pseu- 
domonas putidu in microporous hollow fibers occurred in a 
region less than 25 p m  in depth from the oxygen supply. The 
lowered nutrient levels can also reduce the cellular produc- 
tion rates below their theoretical maximum levels. This is 
analogous to effectiveness factors less than unity that com- 
monly arise in heterogeneous catalysts subject to diffusional 
limitations. 

The effective diffusivity of a metabolite in immobilized cell 
systems depends on its diffusivity in both the support mate- 
rial and the cells. The diffusivity of a solute in a gelatinous 
support can be readily measured using cell-free systems. Small 
molecular weight solutes in dilute (1-4 w/v %, 10-40 mg/mL) 
gels of agarose, alginate, or K-carrageenan diffuse with rates 
similar to those in water. For example, glucose exhibits diffu- 
sivities in the range D = 5.0-6.8 X cm2/s; corresponding 
values for oxygen are in the range D = 2.0-2.5 X lop5 cm2/s 
(Tanaka et al., 1984; Martinsen et al., 1989; Scott et al., 1989; 
Sun et al., 1989; and Boyer and Hsu, 1992). Experimental 
studies report conflicting trends in the effective diffusivity due 
to the presence of cells. Kurosawa and coworkers (1989) and 
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Figure 1. Stirred tank encapsulated cell bioreactor. 
Blowup shows the cross section of an individual biocatalyst bead containing immobilized cells immediately after encapsulation (center) and 
after several days of cell growth (right). Initially, the cells are sparsely distributed throughout the support, and diffusional Imitations 
produce only a mild decrcase in nutrient levels toward the center of the bead. At  later stages, increased cell density considerably rcduccs 
substrate concentration available to cells deep inside the bead. 

Hannoun and Stephanopoulos (1986) reported that diffusivi- 
ties of oxygen and glucose, respectively, were unaffected by 
the presence of cells. However, there are numerous reports 
in the literature that a species diffusivity is highly dependent 
on the cell density (Sun et al., 1989; Pu and Yang, 1988; Li- 
bicki et al., 1988; Luby-Phelps et al., 1987; and Korgel et al., 
1992). For example, the effective diffusivity of glucose in tu- 
mor masses has been found to be in the range of 
(0.25-0.50)D0, where Do is the diffusivity of glucose in water 
(Kawashiro et al., 1975). Karel and coworkers (1985) and 
Westrin and Axelsson (1991) published reviews on the rela- 
tive diffusivity of several solutes in various cell masses and 
reported that the effective diffusivity generally decreases with 
increasing cell fraction regardless of cell type or diffusing 
species with values in the range of 0.01 D,, I Deff I 1.1 Do. 

There are several possible explanations for the aforemen- 
tioned discrepancies. Accurate quantification of diffusion in 
biological systems is quite complicated. The mathematical re- 
lations used to calculate the effective diffusivity from experi- 
mental data are very sensitive to small errors in evaluation of 
the species concentration (Itamunoala, 1988). In some cases, 
the diffusion coefficients may have a concentration depen- 
dence. Obviously, the molecules of greatest interest are cellu- 
lar nutrients or cellular products that are consumed or pro- 
duced by the cells, thus changing their concentration and 
complicating evaluation of diffusive properties. Several ap- 
proaches have been used to attempt to remove the effect of 
species reactivity in diffusion experiments, but such tech- 
niques often introduce additional complications. A simula- 
tion approach permits the detailed evaluation of the effects 
of the cell fraction and diffusivity ratio on the overall diffu- 
sive behavior. In this study, it is assumed that the species of 
interest (a) diffuses through the cells with a constant diffusiv- 
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ity Dc, (b) diffuses through the support with a constant diffu- 
sivity Do,  (c) encounters negligible resistance due to the cell 
membrane, (d) does not react in either phase, and (e) the 
diffusion time scale, td = L2/De,, is much shorter than the 
cell doubling time (where L is the macroscopic dimension of 
the system). These simplifications provide a well-defined 
starting point for our theoretical study, which predicts rea- 
sonably well the transport properties of biological systems. 

Algorithms 
The Monte Carlo algorithm used here is similar to those 

used to study transport in porous solids with impenetrable 
backbones (Evans et al., 1980; Abbasi et al., 1983; Nakano 
and Evans, 1983; Akanni and Evans, 1987; Zheng and Chiew, 
1989; Reyes and Iglesia, 1991a,b; Torquato and Avellaneda, 
1991). However, the method has been modified to account 
for tracer diffusion through both phases in a variety of struc- 
tural systems. The effects of three factors on the calculated 
effective diffusivity ( Def f )  are investigated: volume fraction of 
inclusions (cells) 4; placement of the cells; and the diffusivity 
ratio, DO/D,. Direct calculation of D, can be difficult and 
values depend on the diffusing species and on the cell type. 
Experimental reports indicate values throughout the range 
0 < D, < Do,  but the most frequently reported estimate is 
about 20-30% of Do (Westrin and Axelsson, 1991). For ex- 
ample, Kao and coworkers (1993) measured the diffusivity of 
a small fluorescent probe in the cell cytoplasm, determining 
Do/D, to be 3.70f0.14 at 23°C. Therefore, we have investi- 
gated situations where D,/D, = 2, 3, 4, 5,  and a. 

Structure simulation 
The simulated structure is constructed based on rules that 
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Figure 2. Hybridoma cells immobilized in a solidified 
agarose matrix. 
(a) Immediately after immobilization, the cells are evenly 
distributcd throughout the support. (b) As the cells prolifer- 
ate, their positions become increasingly correlated and cell 
clusters develop. The CG7C7 hybridoma cell line was ob- 
tained from ATCC, and immobilization procedures are  simi- 
lar to those reported by Cadic et al. (1992). 

control the placement of individual microstructural elements. 
Even for a relatively simple case of biological cells encapsu- 
lated in a gelatinous support material, a wide variety of struc- 
tural characteristics can be considered, depending on (1) cell 
geometry (spheres, cylinders, ellipsoids, or more complex 
shapes); (2) cell sizes (identical or variable); (3) whether the 
cells are uniformly distributed or clustered (and if clustered, 
the cluster size distribution); and (4) whether the cells are 
isolated or in contact (and if they contact, to what extent they 
deform each other’s boundaries). Clearly, some restrictions 
are necessary. Consistent with some types of mammalian cells, 
the simulated cells are round (in 2-D) or spherical (in 3-D) 
and have a uniform size. Cells are placed in a square (2-D) or 
cubic (3-D) region with periodic boundaries, so that if a cell 
intersects a boundary, it partially reappears on the opposite 
boundary. This procedure effectively simulates an infinitely 
large structure. The size ‘of the placement region is large 
compared to the cells to avoid finite size effects. Cells are 
positioned one at a time until a desired area (2-D) or volume 
(3-D) fraction is achieved. The cell coordinates are generated 
using a random number generator and a specific set of place- 
ment rules, so that the entire structure is specified by the 
center coordinates and the diameter of the cells. Three types 
of structure have been investigated: uniformly placed 
nonoverlapping cells, cells clustered in groups of 50, and ar- 
bitrarily overlapping cells. 

Nonoverlapping Cells. In experimental systems a short 
time after immobilization, encapsulated cells are evenly dis- 
tributed throughout the support material (see Figure 2a). This 
situation is represented by placing nonoverlapping cells at 
positions determined by a random number generator in the 
placement region until the desired area or volume coverage 
is attained. New cells are checked for overlaps with previ- 
ously placed cells, and overlapping cells are repositioned in a 
new location. The maximum cell fraction obtained without 
overlap is about 50% in two dimensions and about 45% in 
three dimensions. A typical simulated structure of nonover- 
lapping cells in two dimensions is illustrated in Figure 3a, 
while in three dimensions is depicted in Figure 4. 

Figure 3. Computational representations of simulated cell structures in 2-D with a cell fraction of 0.30. 
Cells with a diameter of 15 nodes were positioned (a) uniformly without overlap, (b) in nonoverlapping clusters of SO cells, and (c) with 
arbitrarily overlapping positions. 
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Figure 4. Simulated positioning of nonoverlapping 
spherical cells of identical size in three di- 
mensions with a volume fraction of 0.30. 

Clustered Cells. In experimental immobilized cell systems, 
as the cells proliferate in the support material, progeny re- 
main in close proximity to the parent cells, leading to the 
development of highly compact cell clusters (see Figure 2b). 
Simulated cell clusters (Figure 3b) have been used here to 
assess the effect of cell proliferation and placement on the 
effective diffusivity of the molecules in the system. Cells are 
positioned in the support following placement rules that 
mimic the proliferation of immobilized cells into large clus- 
ters (see Figure 5). An initial seed cell is placed randomly in 
the support. A second cell is placed at a random angular po- 
sition adjacent to the first cell so that the center coordinates 
are separated by a distance slightly larger than one cell diam- 
eter (the cells almost touch each other). A third cell is then 
placed at a random angle, next to the first cell. This new cell 
is not allowed to overlap with any existing cells; overlapping 
cells are rejected. A fourth cell is placed next to the second 
cell. A fifth cell is placed next to the first cell, a sixth cell is 
placed next to the second cell, a seventh next to the third, 
and so on. If no progeny can be placed next to a given cell 
without overlapping, this cell is labeled “contact-inhibited” 
and is ignored from then on. The cell clusters “grow”a1most 

Figure 5. Placement of a cell cluster containing 15 cells. 
The initial seed cell, 0, is placed at a random position in 
the support. All subsequent cells are placed directly next to 
the seed cell or next to progeny of the seed in the numerical 
order displaycd here. 
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exclusively from the outer edge of the cluster once the inte- 
rior cells have become surrounded by others. The placement 
procedure is repeated until the appropriate number of cells 
in the cluster has been obtained. Cell fractions are manipu- 
lated by changing the number of clusters while keeping the 
cell diameter and the cluster size constant. Clusters of 50 cells 
(in 2-D) produced by this method are generally round (see 
Figure 3b). 

When immobilized cells are in close 
contact, they slightly deform each other’s boundaries, produc- 
ing what appears to be a set of squashed spheres. This type 
of structure is computationally represented by randomly posi- 
tioning cells in the placement region without regard to 
whether new cells overlap with previously existing cells (Fig- 
ure 3c). This approach allows the attainment of cell fractions 
in the full range 0 I 4 I 1.0. The cell fraction is accounted 
for by the true area fraction (in 2-D) of cell coverage; over- 
lapping regions are counted only once, regardless of how 
many cells cover the area. The area fraction covered by cells 
follows from the Poisson relation: 

Overlapping Cells. 

4=1-exp[-  N ~ R ~ / L ~ ] ,  (3) 

where N is the number of cells, R is the radius of a cell, and 
L is the length of one edge of the placement domain (Avrami, 
1940). 

Difision simulation 
The diffusivity of a molecule in a given structural represen- 

tation is determined by monitoring the distance traveled by 
tracer particles undergoing a random walk through the struc- 
ture in a given time. Tracers are initiated at random positions 
in the structure. Molecular diffusion outside the cells (that is, 
in the support material) is modeled as a series of steps in 
random directions with step length A = - A, log E ,  where E is 
a random number with uniform probability in the interval [O, 
11 and A, is the average step size. This step length distribu- 
tion is extrapolated from the survival equation for particle 
collisions based on the kinetic theory of gases (Tabor, 1979). 
Particles inside a cell take steps with sizes A =  - yA,log E ,  

where y = DJD, is a constant less than 1. A schematic parti- 
cle trajectory in three dimensions is presented in Figure 6. 
The straight line displacement, X ,  that each particle travels 
in a given time is used to compute the mean-squared dis- 
placement, ( X 2 > ,  averaged for a large number of tracer par- 
ticles. The effective diffusivity, Deff, is computed using the 
Brownian motion relationship: 

(4) 

where d = 2 and 3 apply to 2-D and 3-D systems, respec- 
tively, and EA corresponds to the summation of the individ- 
ual particle steps. This mean-displacement method has been 
selected over the first passage time approach (Kim and 
Torquato, 1991; Reyes and Iglesia, 1991a,b) based on ease of 
development and implementation. 

Since the length of individual steps along the random walk 
depends on whether the tracer is inside a cell or in the sup- 
port material, at each step one must know the tracer position 
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lattice, cell centers are distributed continuously throughout 
the material, not situated at regular lattice positions. 

Several requirements must be met to ensure that accurate 
results are obtained from the simulation. First, a large num- 
ber of tracers must be used in order to sample the structurc 
uniformly. Second, the total distance traveled by each tracer 
must be much greater than the average cell size, otherwise 
diffusivities become biased by local fluctuations in the cell 
volume fraction. Third, the mean step size, A,,, must be much 
smaller than the cell radius. Fourth, to avoid finite size ef- 
fects, the effective diffusivity for each cell fraction must be 
computed as the average of several independent structural 
realizations using the same number of cells but placing the 
cells at different positions. Fifth, it is important to properly 
account for the particle concentration at the cell boundary. 
To meet these requirements, at least 1,000 particles were used 
in each calculation, each particle beginning from a different 
randomly selected position and following an independent 
random walk. The total length of each walk, calculated as the 
sum of the individual step Icngths, was at least 20,000 times 
the cell diameter, ensuring that the 95% confidence intervals 
for the last twenty computed diffusivity values were much 
narrower than 1% of the calculated diffusivity, indicating that 
the tracers sampled a representative region of the structure. 
The mean step length, A,,, was less than 0.035 times the cell 
diameter to minimize edge effects created by thc jagged nodal 
representations of the cell boundaries. Two methods can be 
used to equilibrate the concentration on either face of the 
boundary. The first is to allow only a certain percentage of 
particles to cross into the other phase (Kim and Torquato, 
1991). A second method, used in our simulation, is to allow 
all particles to cross, but to immediately change the particle 
step length to reflect the new particlc environment. Finally, 
the effective diffusivity for each cell fraction was calculated 
as the average from ten different structural realizations. This 
ensured that the standard deviation between runs was less 
than 0.015. 

Figure 6. Representative trajectory of a tracer molecule 
diffusing through a 3-D structure of nonover- 
lapping, nonconductive cells (DOID, =m). 

relative to all the cells, To accomplish this, the placement 
domain is discretized into a logical array. A matrix of nodal 
points (1,000 X 1,000 in 2-D and 100 X 100 X 100 in 3-D) is 
overlaid across the system. Nodes of the array within one cell 
radius from the coordinates of a cell center are assigned a 
logical value *TRUE ; remaining nodes are assigned 
FALSE.. The discretization procedure is similar to that used 

by Lee and Torquato (1988) to determine the porosity of 
two-phase disordered media. To determine whether a tracer 
is inside a cell or in the support, the algorithm simply recalls 
the value of the node nearest to the tracer; a returned value 
of .TRUE. means that the tracer is inside a cell and the 
tracer diffusivity is equal to Dc. If the returned value is 
*FALSE., then the diffusivity equals Do. This procedure is 
very efficient and can be readily implemented for arbitrarily 
shaped microstructures. Materials consisting of more than two 
phases could be represented by a straightforward extension 
of this method. An additional advantage of this method is 
that 2-D and 3-D simulations demand roughly similar 
amounts of computer time, This is rarely the case in com- 
puter simulations; typically, 3-D computations are much more 
time intensive than their 2-D counterparts. Drawbacks of this 
procedure are the large memory requirements of the nodal 
matrix, which limits the resolution of the placement domain, 
and the slight distortion of the cells imposed by the dis- 
cretization procedure. Since the steps taken by the tracer 
particles are small compared to the cell diameter, and since a 
large number of nodes is used to represent each cell (a diam- 
eter of 15 nodes per cell yields a total of 177 nodes for a 2-D 
cell and 1,767 nodes for a 3-D cell), this distortion has little 
effect on the overall results. It is important to note that al- 
though cells are represented by a set of nodal points on a 

Results and Discussion 
Diffusivity predictions for uniformly distributed, nonover- 

lapping cells in two dimensions are presented in Figure 7. 
Simulation results are presented as normalized diffusivities, 
Deff/Do, where DCff is the calculated effective diffusivity and 
D ,  is the diffusivity in the cell-free support. Four sets of re- 
sults are shown in Figure 7, each corresponding to a different 
diffusivity ratio (D,/D, = 2, 3, 4, and 5) for cell area fractions 
up to 0.50. Diffusivity values are highly dependent on the cell 
fraction, particularly at low cell fractions; they decrease non- 
linearly with increasing cell fraction, and are inversely related 
to the diffusivity ratio. Each set of results approaches the 
theoretical lower limit D,,/D, -+ DJD,, at 4 + 1.0. The ef- 
fect of D,,/DL becomes smaller at higher ratios, that is, the 
results at Do/Dc = 5 are relatively close to those for D,,/D, = 
4, indicating that the simulation conditions are approaching 
the lower bound on the diffusivity (0, = 0). 

Figure 8 displays normalized diffusivity results for nonover- 
lapping cells uniformly distributed in three dimensions. Five 
diffusivity ratios (D,,/D, = 2, 3, 4, 5,  a) were investigated for 
cell fractions ranging from 0.0 to 0.45. Diffusivity values are 
again highly dependent on both the cell fraction and the dif- 
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Figure 7. Monte Carlo diffusivity predictions for uni- 
formly distributed, nonoverlapping cells in two 
dimensions for various diffusivity ratios and 
cell fractions. 
Solid curves reprcsent least-squares fits with third-order 
polynomials. 

fusivity ratio. The diffusivity decreases with increasing cell 
fraction from the upper bound of Deff = Do (at + = 0.0) to 
the theoretical lower bound of Deff 3 D, (at + -+ 1.0). At  a 
given cell fraction, the higher D,/D,, the lower the normal- 
ized diffusivity DCff/D,. At higher diffusivity ratios the effec- 
tive diffusivity is more sensitive to  small changes in the cell 
fraction than at  lower diffusivity ratios. These follow similar 
trends observed in Figure 7; the diffusivity approaches a con- 
stant value with increasing diffusivity ratio. 

To assess the validity of the simulations, diffusivity results 
were compared with results obtained from theoretical mod- 
els. A polynomial fit to the 3-D simulation results (solid 
curves) are compared with predictions from Maxwell’s model 

1.0 

0.8 

0.6 . 
W W 

cii 0.4 

0.2 

0.0 I I I 

0.0 0.2 0.4 0.6 0.8 

Cell Fraction 

Figure 8. Diffusivity predictions for uniformly dis- 
tributed, nonoverlapping cells in three dimen- 
sions for various diffusivity ratios and cell 
fractions. 
Solid curves represent least-squares fits with third-order 
polynomials. 
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Figure 9. Comparison of predicted diffusivities (-1, 
experimentally measured diffusivities (0, 0, 
0, m ,  A, +, x), and Maxwell’s model predic- 
tions ( - - - I .  
The solid curves reprcsent predictions at various diffusivity 
ratios and cell fractions in three dimensions (as in Figure 8). 
The experimcntal data are  from: Axclsson and Persson 
(1988)pm;  DeBacker et al. (1992)-x; Korgel et al. (1992) 
-0; Kurosawa et al. (198Y)- +; Libicki et al. (198X)-O; 
Scott et al. (1989)- A ;  and Sun et al. (19X9)- 0 .  Maxwell’s 
model predictions have the same diffusivity ratios as those 
used in the simulations. 

(1954) (dashed curves) in Figure 9. Both Maxwell’s model and 
the simulations are based on similar assumptions about the 
material structure, and yield the same maximum and mini- 
mum diffusivity values at low ( 4  = 0.0) and high (+ = 1.0) cell 
fractions, but Maxwell’s model yields a more linear approxi- 
mation between these limits than do the simulations. For 
nonconductive inclusions (D,/D, = M) the simulation results 
are in very good agreement with Maxwell’s model. With 
Do/Dc > 3 Maxwell’s model predicts much higher diffusivities 
than those generated by the simulations. The disagreement is 
likely due to the first-order approximation of Maxwell’s 
model, which strictly applies to  low-volume fractions of inclu- 
sions. In particular, this figure suggests that for Dn/Dc = 3 or 
higher, Maxwell’s model generates poor predictions for inclu- 
sion fractions greater than 0.20. Simulation results fall within 
the Hashin and Shtrikman bounds (1962), slightly above the 
lower bound (not shown). The upper Hashin-Shtrikman 
bound is Maxwell’s model, so the deviation between the simu- 
lation results and Maxwell’s model is the maximum deviation 
permitted by the Hashin-Shtrikrnan bounds. The diffusivity 
predictions are also consistent with experimentally deter- 
mined diffusivities in immobilized cell systems for a variety of 
diffusing species, cell types, and support materials reported 
by several investigators (symbols in Figure 9). For example, 
DeBacker et al. (1992) measured the diffusivity of glucose in 
an alginate gel containing cells, and their data correspond 
closely to  the curve for D,/D, = 3. 

The simulation results described so far apply to  nonover- 
lapping, uniformly distributed cells. However, as mentioned 
earlier, as immobilized cells proliferate, they develop into 
highly compact cell clusters with highly correlated cell posi- 
tions. For such cases, the assumption of random cell place- 
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ment is no longer realistic (see Figure 2). To assess the effect 
of cell clustering on the effective diffusivity, simulations were 
conducted in two dimensions with cells placed in clusters of 
50. Results with D,,/D, = 4 are compared with those for uni- 
formly distributed (nonclustered) cells with D,/D, = 4 (Fig- 
ure 10). Due to the uneven spatial distribution of cells, the 
clustered system has regions with high and low local diffusiv- 
ity. However, the results show that the overall effective diffu- 
sivity of a system with clustered cells is essentially the same 
as that with uniformly distributed cells; the only influential 
parameters appear to be once again the cell fraction and the 
diffusivity ratio. Simulations were also conducted with a sys- 
tem consisting of arbitrarily overlapping cells. The computed 
diffusivity for a range of cell fractions up to 4 = 1 .OO for over- 
lapping cells is essentially the same as that in both the uni- 
formly distributed nonoverlapping and the clustered nonover- 
lapping systems (Figure 10). The results for overlapping cells 
are in very good agreement with the Devera and Strieder 
bounds (1977) for overlapping spheres of arbitrary D,,/D, 
(comparison is not shown). Simulation results for overlapping 
cells are close (within 1 percent, on the “safe” side) to the 
lower bound for all points except 4 = 0.1, which deviates from 
the lower bound by approximately 4%. The largest statistical 
errors (maximum standard deviation) arise at the lowest vol- 
ume fractions, because structures are composed of only a few 
cells, and under such conditions many structural realizations 
are necessary to obtain good statistical accuracy. Fortunately, 
for low-volume fractions, theoretical models are highly accu- 
rate. As the volume fraction increases, the standard deviation 
for different structural realizations decreases, making simula- 
tions the most accurate alternative. 

When the diffusivity of a solute in the immobilized cell 
system is calculated as a macroscopic (long-distance) effec- 
tive diffusivity, the spatial distribution of the cells does not 
appear to have a major influence on the results for the condi- 
tions evaluated here. This is in qualitative agreement with 
the recent results of El-Kareh et al. (19931, who investigated 
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idealized cell configurations consisting of periodic arrays of 
rectangular cells to represent highly compact cellular tissue. 
Normalized diffusivities were calculated for varying intersti- 
tial volume fractions (1 - I$), where antibodies diffuse only in 
the region between cells. The shape and spatial arrangement 
of the cells had little effect on the diffusivity of antibodies in 
tissue. These results deviate from those obtained by several 
rcsearchers (Evans et al., 1980; Nakano and Evans, 1983; 
Reyes and Iglesia, 1991a; Kim and Torquato, 1992a,b) who 
reported that the material structure does play an important 
role in the diffusive properties of a multiphase system. How- 
ever, these investigations were conducted with dramatically 
different solute diffusivities in the phases, and in some situa- 
tions, one of the phases did not allow solute transport. Also, 
these investigations focused on the Knudscn diffusion and 
transition diffusion so that the diffusing species free path was 
not infinitely small compared with the structural material. In 
the multiconductive (D,/D,. << m) biological system studied 
here, the diffusivities in the two phases are moderately differ- 
ent from each other; there is no excluded volume in thc ma- 
terial, and the structure seems to have no major effect on 
molecular diffusion. 

Conclusions and Future Work 
The decrease in the effective diffusivity of cellular nutri- 

ents with increasing cell fraction can limit the supply of nutri- 
ents and hence affect the growth and maintenance of cells in 
an immobilized cell system. Accurate assessment of the diffu- 
sivities is therefore important in bioengineering applications. 
Methods for generating model multiphase materials that cap- 
ture key morphological features of immobilized cell systems 
are described in this article. The simulated structures consist 
of uniformly distributed, clustered, and overlapping cells po- 
sitioned in a conductive support material. A Monte Carlo al- 
gorithm was developed to calculate effective diffusivities in 
such materials for a wide range of cell fractions and diffusiv- 
ity ratios. Diffusivities dcpend strongly on thc cell fraction 
and the diffusivity ratio; high cell fractions and large diffusiv- 
ity ratios lead to low effective diffusivities. Predictions agree 
with reported experimental values and are consistent with the 
models of Maxwell (19541, Hashin and Shtrikman (1962), and 
Devera and Strieder (1977). 

The results described in this article have focused on biolog- 
ical applications, but are valid in general for heterogeneous 
materials consisting of multiple spherical inclusions with dif- 
fusivities different from that of the continuous phase. The 
2-D diffusivity results, for example, can be applied to diffu- 
sion of small molecules within a membrane (see, for example, 
Saxton, 1993; Qian et al., 1993). Likewise, the 3-D diffusivity 
results can be used to dcscribe diffusion through polymer 
blends where the less permeable phase has been broken into 
drops. The Monte Carlo algorithm can be modified to study 
systems of increasing morphological complexity. Our current 
efforts in this area address the extension of the simulation 
technique to incorporate chemical reactions in the cells and 
the addition of membrane resistances to diffusion. 
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Notation 
D,/D, = l/y =diffusitivity ratio 

Dcrf/D(, =normalized effective diffusivity 
X = straight-line particle displacement 

Greek letters 
A, =mean step size in the cellular phase 
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